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Quantum speed limits are rigorous estimates on how fast a state of a quantum system can depart from
the initial state in the course of quantum evolution. We derive a quantum speed limit for a system initially
prepared in a thermal state and evolving after a quench of its Hamiltonian. This quantum speed limit
exploits the structure of the thermal state and, in particular, explicitly depends on the temperature. As a
consequence, it can be dramatically tighter than general quantum speed limits applied to thermal states.
Introduction. Quantum speed limits (QSL) are a family
of fundamental results in quantum mechanics limiting the
maximal possible speed of quantum evolution. The first
QSL was derived by Mandelstam and Tamm in 1945 [1]
in a successful attempt to put the time-energy uncertainty
relation on a rigorous basis. Decades later, a quite different
QSL was derived by Margolus and Levitin [2]. Further de-
velopments included generalizations to mixed states [3–5],
time-dependent Hamiltonians [3, 6, 7], open quantum sys-
tems [8–10] etc, as reviewed e.g. in [11–13]. Apart from
the foundational importance per se, quantum speed limits
enjoy a diverse range of applications, from a deep interre-
lation between QSLs, orthogonality catastrophe, adiabatic
conditions and adiabatic quantum computation [14–19] to
ultimate limits for performance of quantum gates [2, 20–
22] to optimal control [23].
Both the Mandelstam-Tamm (MT) and Margolus-
Levitin (ML) QSLs are tight, in the sense that for any
given Hamiltonian one can find an initial state saturating
the bound [24]. However, this state is of a very particu-
lar nature: it is a coherent, equally weighted superpositions
of two lowest eigenstates of the Hamiltonian. Often one
deals with restricted manifolds of initial states that do not
include such coherent superpositions. Here we consider
a system initially prepared in a thermal state of a Hamil-
tonian H0 and then evolving under a quenched Hamilto-
nianH = H0 + V . We derive a QSL specifically tailored
for such a setting. Thanks to this tailoring, our QSL turns
out to be generally tighter (in certain cases – dramatically
tighter) than general QSLs applied in this particular setting.
The rest of the paper is organized as follows. We first
formulate our QSL and contrast its performance to that of
the MT and ML QSLs. Then we provide the proof of the
QSL. Finally, we conclude the paper by summarizing the
results and outlining possible future work.
QSL for thermal states. We consider a closed quantum
system with the Hamiltonian quenched from H0 at t ≤ 0
toH = H0 + V at t > 0. Before the quench the system is
in the thermal state
ρ0 = e
−βH0/Z0, Z0 = tre
−βH0 , (1)
β being the inverse temperature. After the quench the state
of the system ρt starts to evolve according to the von Neu-
mann equation
i∂tρt = [H, ρt]. (2)
Our goal is to assess how far ρt can depart from ρ0. To
quantify the difference between two mixed quantum states
we employ the trace distance
Dtr(ρ1, ρ2) ≡ (1/2) tr|ρ2 − ρ1|, (3)
which is known to have a straightforward operational
meaning [25–28].
The main result of the present paper is the quantum
speed limit for thermal states (T-QSL) in the above-
described setting. It reads as follows:
T-QSL: Dtr(ρ0, ρt) ≤
√
βt 4
√
2 〈[H0, V ]2〉β, (4)
where thermal averaging is understood with respect to ρ0,
〈A〉β ≡ tr(ρ0A) for an arbitrary operator A. Before turn-
ing to the proof of the T-QSL, we would like to discuss its
merits and compare it to the general MT QSL.
The MT QSL applied to the problem in hand reads [1, 4]
MT QSL: Dtr(ρ0, ρt) ≤ ∆E t, (5)
where∆E =
√
〈H2〉β − 〈H〉2β is the energy spread.
To see why T-QSL can perform dramatically better than
MT QSL, assume first that [H0, V ] = 0. In this extreme
case the dynamics is trivial and Dtr(ρ0, ρt) = 0. This is
readily reproduced by T-QSL (4). As for the MT QSL (5),
its right hand side (r.h.s.) fails to vanish due to thermal
fluctuations of energy. Furthermore, it can be large, partic-
ularly for many-body systems where it is on the order of√
N , N being the number of particles.
Now consider a system at the infinite temperature,
β = 0 (here we assume that the Hilbert space is
finite-dimensional). This is another case where trivially
Dtr(ρ0, ρt) = 0. Again, this result is readily reproduced
by T-QSL (4), but not by MT QSL (5).
An analogous analysis applies to the ML QSL [2, 4, 29],
where the energy spread ∆E is substituted by (E − Egs)
with E = 〈H〉β being the average energy and Egs the
2ground state. Note that for many-body systems the behav-
ior of (E−Egs) is even worse – it is on the order ofN for
any nonzero temperature.
We expect that the T-QSL remains to be tighter than the
general MT and ML QSLs applied to thermal states in a
variety of setting beyond the above extreme cases. For ex-
ample, if V is a local perturbation in a many-body system,
[H0, V ] is also local and the T-QSL does not depend on the
system size, in contrast to the MT and ML QSLs. Also at
high temperatures the r.h.s. of the T-QSL is small due to
the factor
√
β, while both ∆E and (E − Egs) are large
making the MT and ML QSLs spuriously loose.
Proof of the T-QSL. Instead of working with the trace
distance, we define
Dt ≡ D(ρ0, ρt) = 1− tr(√ρ0√ρt). (6)
Thanks to the inequality
Dtr (ρ1, ρ2) ≤
√
1− (tr√ρ
1
√
ρ
2
)2 ≤√2D(ρ1, ρ2)
(7)
proven in [26], an upper bound on Dt entails an upper
bound onDtr(ρ0, ρt).
Note that
√
ρt also satisfies the Von Neumann equation,
i∂t
√
ρt = [H,
√
ρt]. Therefore
∂tDt = i tr([
√
ρ0, V ]
√
ρt). (8)
We rewrite this equality in the basis ofH0:
∂tDt =
iβ
2
√
Z0
∑
n, k
fβEnEk 〈n|V |k〉 (En − Ek) 〈k|
√
ρt|n〉,
(9)
Here |n〉, |k〉 are eigenstates of H0, En and Ek are corre-
sponding eigenenergies, and we have defined the function
of three variables
fβE E′ =
e−
β
2
E − e− β2E′
β(E − E′)/2 . (10)
Then we integrate eq.(9) over time,
Dt =
iβ
2
√
Z0
∫ t
0
dt′
∑
n, k
fβEnEk〈n|[H0, V ]|k〉〈k|
√
ρt′ |n〉,
(11)
where the equality 〈n|V |k〉(En − Ek) = 〈n|[H0, V ]|k〉
has been used.
Next, we apply the Cauchy-Bunyakovsky-Schwarz in-
equality to the r.h.s. of eq. (11):
|Dt| ≤β
2
(∑
n, k
Z−1
0
(
fβEnEk
)2 ∣∣∣〈n|[H0, V ]|k〉∣∣∣2
)1/2
×
∫ t
0
dt′
(∑
n, k
∣∣∣〈k|√ρt|n〉∣∣∣2
)1/2
. (12)
The term in the second bracket reduces to trρt′ = 1. The
term in the first bracket can be estimated by using the in-
equality [30] (
fβE E′
)2
≤ e−βE + e−βE′ (13)
valid for any real E, E′ and β. This inequality after some
basic algebra leads to the conclusion that the first bracket is
bounded from above by 2〈[H0, V ]2〉β . This estimate along
with the second inequality in (7) concludes the proof.
We note that the bound (4) can be somewhat improved:
one can, first, use the tighter inequality in (7), and, second,
exploit the fact that fβEnEn can be substituted by zero. Both
these improvements are straightforward but not dramatic.
Summary To summarize, we have proven the quantum
speed limit (4) (T-QSL) for a system prepared in a ther-
mal state of the initial HamiltonianH0 and evolving under
the quenched HamiltonianH0 + V . By restricting the ap-
plicability of the T-QSL to thermal initial states we have
enhanced the performance of the T-QSL as compared to
QSLs valid universally. In particular, the T-QSL correctly
reproduces trivial dynamics at the infinite temperature and
in the case of [H0, V ] = 0, in contrast to the Mandelstam-
Tamm and Margolus-Levitin QSLs. More generally, the
T-QSL tends to outperform general QSLs at high tempera-
tures or when [H0, V ] is in some sense small compared to
H0, e.g. when V describes a local perturbation in a many-
body system.
Finally, we remark that it would be interesting to gen-
eralize the T-QSL (4) beyond the quench setting, i.e. for
an arbitrary time dependence of the Hamiltonian at t > 0.
This problem remains for future work.
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